Let A and B be unital Banach algebras with units 1 A and 1 B , respectively, M be a unital Banach A − B-module, T = Tri(A, M, B) be the triangular matrix algebra, X be a unital T -bimodule, X AA = 1 A X1 A , X BB = 1 B X1 B , X AB = 1 A X1 B and X BA = 1 B X1 A . We establish the vanishing of certain first topological cohomology groups in a direct method. Applying a long exact sequence related to A, B, T , X, X AA , X BB and X AB we also prove several results on Hochschild cohomology of triangular Banach algebras and show some known results in a simple manner. * 2000 Mathematics Subject Classification. Primary 46H25; secondary 46L57, 16E40.
Introduction
Suppose that A and B are two unital algebras. Recall that a vector space M is a unital A − B-bimodule whenever it is both a left A-module and a right B-module satisfying 
An algebra T is called a triangular algebra if there exist algebras A and B and nonzero
A − B-bimodule M such that T is (algebraically) isomorphic to Tri(A, M, B) under matrixlike addition and matrix-like multiplication. [2] For example, the algebra T n of n × n upper triangular matrices over the complex field C, may be viewed as a triangular algebra when n > 1. In fact, if n > k, we have T n = Tri(T n−k , M n−k,k (C), T k ) in which M n−k,k (C) is the space of (n − k) × k complex matrices. Theorem 1.1 A unital algebra T is a triangular algebra if and only if there exists an idempotent e ∈ T such that (1 − e)T e = 0 but aT (1 − e) = 0. [2] Proof. Let there exist an idempotent e ∈ T such that (1 − e)T e = 0 but aT (1 − By a triangular Banach algebra we mean a Banach algebra A which is also a triangular algebra. Many algebras such as upper triangular Banach algebras [5] , nest algebras [3] , semi-nest algebras [4] , and joins [8] are triangular algebras. M are equivalent to the given norms on A, B and M, respectively; cf. [2] .
Next we recall some notation and terminology concerning cohomology and homology of Banach algebras.
Topological cohomology arose from the problems concerning extensions by H. Kamowitz [15] , derivations by R. V. Kadison and J. R. Ringrose [13] , [14] and amenability by B.E.
Johnson [12] and has been extensively developed by A. Ya. Helemskii and his school [10] .
Suppose that A is a Banach algebra and E is a Banach A-bimodule. For n = 0, 1, 2, · · ·, let C n (A, E) be the Banach space of all bounded n-linear mappings from A × · · · × A into E equipped with multi-linear operator norm f = sup{ f (a 1 , · · · , a n ) :
where n ≥ 1, x ∈ E and a 1 , · · · , a n , a n+1 ∈ A.
One can easily verify that the above sequence is a complex, i.e. for each n, δ n+1 • δ n = 0.
C(A, E) is called the Hochschild-Kamowitz complex for A and E. The n-th cohomology group of C(A, E) is said to be n-dimensional cohomology group of A with coefficients in E and denoted by H n (A, E). The spaces Kerδ n and Imδ n−1 are denoted by Z n (A, E) and
The cohomology groups of small dimensions n = 0, 1, 2, 3 are very important and applicable. In particular, any element of
A → E; δ is bounded and linear, and
is called a derivation of A in E and any element of
The dual A * of A is a Banach A-bimodule with respect to the following actions (af )( A unital Banach A-module E is said to be projective (injective) if the functor A h(E, ?)
There is an intrinsic description of projective Banach modules as follows: The reader is referred to [10] and [11] for more details. 
Vanishing of first cohomology groups
In this section, using some ideas of [6] , we investigate the relation between the first cohomology of T with coefficients in X and those of A and B with coefficients in X AA and X BB , respectively, whenever X AB = 0 in a direct method. In sequel, we prove that some certain topological cohomology groups vanish. Our approach differs from one of [16] .
We start by investigating the structure of bounded derivations from a triangular Banach algebra into its bimodules.
Applying our notation, Let δ : T → X be a bounded derivation. Then
and
Conversely, if δ 1 and δ 2 are bounded derivations of A and B into X AA and X BB , respectively, and τ : M → X AB is any continuous linear map satisfies (♣ 1 ) and (♣ 2 ), then
If X AB = 0, then we may assume that the linear map τ defined above is zero. Notice that, in this case, δ A (a)m = mδ B (b) = 0 for every a ∈ A, b ∈ B, m ∈ M.
We are now ready to provide our main theorem:
Proof. Suppose that X AB = 0 and consider the linear map ρ :
The last equation is deduced from the fact that δ A (a) = 1 A (δ 1 (a) + δ 2 (0))1 A = δ 1 (a) and
Thus ρ is surjective. If δ ∈ kerρ, then δ A ∈ N 1 (A, X AA ) and δ B ∈ N 1 (B, X BB ). Then δ A (a) = ax − xa for some x ∈ X AA and δ B (b) = by − yb for some y ∈ X BB . Then 
It is straightforward to show that
Similarly, δ(
And also δ(
These follow that
We therefore have δ − D ∈ N 1 (T , X), and so δ ∈ N 1 (T , X).
Conversely, let δ ∈ N 1 (T , X). Then there exists x ∈ X such that δ(
Similarly, δ B (b) = δ 1 B x1 B (b). Hence δ A and δ B are inner and so δ ∈ kerρ.
Thus N 1 (T , X) = kerρ.
We conclude that
Proof. With X = M we have
Proof. With X = A, we have X AB = 0, X AA = A and X BB = 0. It then follows from 
A Long Exact Sequence
Applying known topological homology techniques [10] and using homological techniques we introduce the following long exact sequence [18] :
A pure algebraic version of this sequence may be found in [9] and [17] .
Applying this nice exact sequence we obtain some significant results and obtained some known facts in sequel. The first theorem gives us Proposition 2.11 of [16] which generalizes our main result of section 2, i.e. Theorem 2.1.
[18])
Hence 0
The next result is indeed Corollary 2.12 of [16]
Proof. X = T * is a Banach T -bimodule for which clearly X AA = A * , X BB = B * , X AB = 0 and X BA = M * . Then the previous theorem implies that
Proof. With M = 0, for all n, Ext Proof. Apply the long exact sequence to B = M = A and X = T and observe that Proof. Using Theorem 3.6 we have H n (T , M) = H n (A, 0) ⊕ H n (A, 0) = 0.2
